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Abstract 

Consider the anisotropic porous medium equation, Ut = Yli'^"^')xiXi, where rrii > 

i=l 

n n 

0, (z = 1, 2, ■ ■ ■ , ra) satisfying min {m-j} < 1, X] > n— 2, and max{mj} < -(2+^ mj). 

l<i<n l<i<n 

Assuming that the initial data belong only to L^(3?"), we establish the existence and 
uniqueness of the solution for the Cauchy problem in the space, C([0, oo), L^(3?"))nC(3?"x 
(0,oo)) n L°°(3fJ" X [£,oo)), where e > may be arbitrary. We also show a comparison 
principle for such solutions. Furthermore, we prove that the solution converges to zero in 
the space L°°(3ft"') as the time goes to infinity. 

Keywords: Anisotropic diffusion. Degenerate parabolic equation. Comparison prin- 
ciple. Large time behavior. 

AMS subject classifications: 35K55, 35K65. 

1. INTRODUCTION 

Consider the anisotropic porous medium equation 

n 

Ut = Y,{u'^%,,, ing?"x (0,oo), (1. 1) 

i=l 

where rrii are positive constants. As it is well-known, there have been a lot of works 
dealing with the case of all m^'s in (11. II) being the same positive constant, i.e., the case 
of porous medium equation (PME). See, for example, the survey paper [1] for PME, the 
monograph [2] for its generalization and the references there. 

However, there are few papers on the general case of equation (11. ip . although it has 
strong physical backgrounds. In fact, it comes directly from water moves in anisotropic 
media. If the conductivities of the media are different in different directions, the constants 
rrii in (II- ip must be different from each other. See [3] for details. 

In papers [4, 5], the first author started studying the existence and uniqueness for 
the Cauchy problem of equation (II. II) . provided that the initial data are bounded and 
continuous in 3?"". He also studied the continuous modulus of solutions to (II. II) in [6] 
(also see Lemma 3.1 in [4]). In [7], the authors established the existence of fundamental 
solutions for the Cauchy problem of equation (1.1). 

In this paper, we will study the existence, uniqueness, comparison principle and large 
time behavior of the solution of the Cauchy problem for (II. II) with L^-initial data. For 
this purpose, we want to consider the equation 

n 

Vr = Y, W"'%.y. + OiAv^y)y^ in 3?" x (0, oo) (1. 2) 
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and its stable equation 

n 



1=1 



where ctj are defined by 



OLi 



+ -, (i = 1,2,--- andm = V— . (1.4) 
n ^-^ n 



As we see, equation (1.2) is equivalent to (1.1), up to a scaling transformation in spatial 
and time variables. See Lemma [2.21 below. 
For the coming needs, define 

r? — 2 

Q = 3?" X (0,oo), /5 = m (1.5) 

n 

and throughout this paper, we assume 

min {mj} < 1, /3 > 0, mj > 0, and > (i = 1, 2, ■ ■ ■ , n), (1. 6) 

\<i<n 

which is equivalent to 

n 

mi > (i = 1, 2, ■ ■ ■ , n), E] rrii > n — 2, 

i=l 

1 

min |mj| < 1, and max imA < —(2 + > rrii). 

l<i<n l<i<n n ^-^ 

1=1 



:i. 6') 



Also, we use D'{X) to denote the set of all distributions (generalized functions) in X. The 
word respectively^ is always shorten by "resp" . 

Definition 1.1 A L]^^-function u{resp, V, f) is called a solution of equation U. 1\) (resp, 
(1.2), (1.3)) ifu and are m D'{Q) (resp, V and V""^ m D\Q), f and zn D'{^")) 
such that (1.1) (resp, (1.2)), (1.3)) is satisfied in the sense of distributions. 

Definition 1.2 An L^-regular solution, u, of U. 1\) (resp, U. 2^) ) with initial value 
u{x,0) = Uo{x) in is a solution of U. 1\) (resp, U. 2^) ) satisfying 

u e C([0, oo), Li(3ft")) Pi C(Q) Pi L°°(3?" x [e, oo)) (1. 7) 

for each e > 0, and 

u{x,t)dx = / uo{x)dx, Vt > 0. (1. 



3?" 3i{n 



Definition 1.3 If we replace by (resp, "<") m / f7~7]) . / f7~l]) and (EZ^j, 

then we obtain the definitions of the super- solution (resp, sub- solution). 
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For simplicity, we will consider only the nonnegative solutions. The main results of 
this paper may be stated as the following theorems for which we always assume (1. 6'). 

Theorem 1.1 Suppose that u and u are nonnegative -regular sub-solution and super- 
solution, respectively, of U. 1\) (resp, of U. ^) ). If u{x. 0) < u{x.^ 0) in K", then u<u in 
Q. 

Theorem 1.2 For any nonnegative function uq G L-'^(3?"), there exists a unique nonneg- 
ative L^-regular solution u of M. 1\) (resp, M. i^) ) with initial value u(a;,0) = Uq{x) in 
W. Furthermore, u satisfies the following decay estimate: 

_i - 

~^ ll^o|lii(j{n) , Vt > 0, 
where C is a constant depending only on rrii (z = 1, 2, ■ ■ ■ ,n) and n. 

Note that the decay estimate says that the solution of (11. ip converges to zero uni- 
formly for x G K"^ as the time goes to infinity. 

We would like to mention that the Cauchy problem of PME with L^-initial data 
was studied in [8, 9]. But our methods to prove Theorems 11.11 and 11.21 are completely 
different from those in [8, 9]. In fact, the proof of Theorem 11.11 is based on a max-min 
method, which will be developed in Section 2. As a key step for the proof of Theorem 11.21 
we have to discover a specific scaling technique for each direction in order to overcome 
the difficulty from the anisotropic phenomenon so that we can construct suitable super- 
solution, which will be developed in Section 3. While in Section 4, we will combine 
approximation arguments and the results in Section 3 to prove Theorem II. 2[ 

2. A COMPARISON PRINCIPLE 

Theorem II. II is a comparison principle for L^-regular solutions of (11. II) . In this section, 
we will give its proof by a few lemmas. The following result was proved in [4, 5]. 

Lemma 2.1 There exists a unique hounded and continuous solution of the Cauchy prob- 
lem to U. 1\) if the initial value is in C(3ft") f] L°°(3fJ"). The solution is approximated by a 
equi- continuous and uniformly bounded sequence of classical solutions in the norm of the 
space C/oc(3^" x [0, oo)) and thus satisfies a comparison principle . 

Lemma 2.2 Suppose that the functions u{x,t) and V{y,T) are related by 

V{y,T) = h{t)u{x,t), T = \nh{t), yi = Xih-''^{t),{i = 1,2- ■■ ,n), (2. 1) 

where ai and {3 are the same as in ( [i. -^| j-( 0. 6]) . and 

h{t) = {1 + (3t)^ (2.2) 

If u{x,t) is a solution (resp, super- solution, sub-solution) of U. then V{y,T) is a 
solution (resp, super- solution, sub-solution) of U. 2) . and vice versa. 
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Proof. It is from direct computations, we omit the details. 

Lemma 2.3 If u and w are nonnegative sub-solutions (resp, super- solutions) of 1^1. 1\) 
satisfying 

u,w,ut,wt,{u"'^)^^^^,{w'^^)^^^^ e Ll^iQ) = 1,2,--- (2. 3) 

then ma:x{u,w} (resp, min{u,w}) is a sub-solution (resp, super- solution) of U. 

Proof. First suppose that u and w are sub-solution of (11. ip . Note that 

{\g\)t = sign{g)gt 

in the sense of distributions if g and gt are in Lj^^. Furthermore, by Kato's inequality, we 
have, in the same sense, that 

{\9\)x,x, > sign{g)g^^^. 

if g and gx^xi are in Lj^^lQ). It follows from these two facts and (12. 3p that the following 
computations hold true in the sense of distributions: 

d (9^ 
— max j-u, zfj — > 7— r (max jti, u'l)™'' 
ot ^-^ oxf 

1=1 ' 

d " 9^ 

= —ma.x{u,w} - y^7—r max to'"'} 

ot ^ oxf 

1=1 ' 

u + w \u — w\\ f u^"- + w 



+ ^ -E — — + 



2 2 , ^ \ 2 

t i=l 

' U + w\ ^ f U — W 

< — - — + Sign [u — w 



-2^1 2 J -2^sign(M-w) 

f " 

«t - E ' if M > W 

i=l 

n 



1=1 



< 0. 



This shows the maximum of two sub-solutions is also a sub-solution. Similarly, the mini- 
mum of two super-solutions is a super-solution. 

Lemma 2.4 If u and w are nonnegative solutions of U. 1\) such that 

u,w,u^%w'-^ e LUQ) (2. 4) 
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and 

fe^oo 

for i = 1,2,- ■■ ,m and some nonnegative function sequence {uk} and {wk} satisfying 
h2. 3\) . then max{ii, w} (resp, minj-u, w}) is a sub-solution (resp, super- solution) of U. 

Proof. We want only to consider the maximum case. Let 

Uk = ma.x{uk, Wk}, U = maxjw, w}, 

Since Uk and Wk satisfy (12. 3p . we have, by Lemma [2.31 that 



/oo /" / \ 



dxdt > 



for all nonnegative function ip G C^{Q) and all k = 1, 2, ■ • • . Using ( 12. 4p and (12. 5L and 
passing the limit, we obtain that 

/ [UVt + Yl ) dxdt > 0, G Co°°(Q), <^ > 0. 

This shows that f/ is a sub-solution of (IL II) . 

Proof of Theoremll.lt Owing to Lemma 12.21 we want only to prove Theorem 11.11 
for equation (II. ip . We will complete the proof by three steps. 

Step 1. Suppose that u and u are, respectively, nonnegative L^-regular super-solution 
and L^-regular solution of ( II. ip with u{x, 0) > u{x, 0) in 3?". We will prove that 

u > u in Q. (2. 6) 

Fix T > 0. Since u{-,t) G C(3?") H it follows from Lemma 2.1 that there 

exists a unique solution u^'^^ G C{Q) f] L°°{Q) of (II. ip with the initial value u^'^\x, 0) = 
u{x,t) G 3?", which is approximated by a sequence of classical solutions in the norm of 
C«oc(3^" X [0, oo)). The same conclusion holds true for the solution V{x,t) = u{x,t -\- r) 
since u(-,r) G C {^'^) f] L°° {^'^) . Hence Lemma 12.41 implies that mm{u^'^^(x. t).u(x. t+r)} 
is a bounded and continuous super-solution of (II. ip . This implies 

mi„{«W(.,«),„(x.t + r)}dx>/,„i„Wx,r).«(x,r)}dx, Vt > 0. (2. 7) 

On the other hand, r + -) is a bounded and continuous super-solution of ( II. ip with 
the same initial value in C(3?") f]L°°(3?") as u^'^\ Hence, by the comparison principle of 
Lemma 2.1 we have 

u{x, t + T)> m(^) (x, t) , Vx G 3?", Vt > 0, 
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which, together with (12. 7p . imphes 

J min {u(x,t + T),u{x,t + t)} dx > J min {u{x , t) , u{x , t)} dx , Vt > 0. 

Now letting r — 0, using the fact of u and u in C([0, oo), L^(3?")) and observing that u 
satisfies (11. 8p we see that 



min {u{x, t)^u{x, t)} dx 
>/,„m{W(x-,0).n(x-,0)}dx 



Si" 

= /«(..OMx = /«(..Oi.,vt>o. 

Si" Si" 

This imphes the desired resuh (12. 61) . 

Step 2. Suppose that u and u, respectively, nonnegative L^-regular sub-solution and 
L^-regular solution of fll. II) with u(x, 0) < u{x, 0) in 3fJ". In this case, we fix r > and 
consider the unique solution u(^) e C{Q)f]L^{Q) with u^'^\x,0) = u{x,t). Then the 
same arguments as in Step 1 (replaced "min" by "max") yields u<uinQ. 

Step 3. Suppose that u and u, respectively, nonnegative L^-regular sub-solution and 
L^-regular super-solution. Then fix r > and let u be the unique L^-regular solution 
of (II. II) with initial value u{x, t) = u{x, r) at t = r. Note that the existence and the 
uniqueness of such a solution follow from Theorem 11.21 whose proof is independent of the 
Step 3 (but depends on the Step 1 and Step 2). Combining the results of Steps 1 and 2, 
we have 

u{x,t) < u{x,t) <u{x,t), Vx G 3fJ", Vt > r. 
This proves Theorem 11.11 since r is arbitrary. 



3. SOLUTIONS WITH INITIAL DATA in Co^($R^) 

In the proof of Theorem 11.21 we will approximate the initial value of the solution to (II. ID 
by a sequence of functions in C^(3?"). Thus, the first step is to study the solutions whose 
initial data are compactly supported in 3?". In this section, we will construct a super- 
solution of (II. ip by a scaling technique and then use the super-solution to study such 
solutions. 

Lemma 3.1 Suppose that uq G C^(3?") and let Q^. = 3?" x [0, T). Then for any T > 0, 
there exists a positive function u E C{Qt) fl L°°{Qt) fl ^"([0, T), L}{W)) such that u is a 
super- solution of ( li. 1\) in the domain Qt and uq{x) < u{x, 0) in S?"'. 
Proof. Since P > (recaU (IOD-(1.6')), m > ^ and thus ^ < at for each i. 
Consequently, we can choose 6i > 2 and a > such that 

— jYl ■ 1 

-—^< — <a,, (^ = 1,2,--- ,n). (3. 1) 

Z OiUj 



7 



Hence 



Let 



y = 1, and — rriia ^ 'q ~ ^f^iO^ — 2 + 



- 2 



< —a. 



(3. 2) 



i=l 



l-rrii 



2 ' 



i?o = max < 1, 



n max {miainiia + 1)6*^} 

l<j<n 

min {aia6i \ — 1 

l<j<n 



2q max {(e^a) ^-Mij 
l<i<n 



and 



Then the function 



i=l 



belongs to C'^{VLrq) ^L^{VLr^) and satisfies 



■t=i 



< in 



by a direct computation using fl3. 21) and (11. 6p . The last inequality tells us that / is 
a super-solution of (II. 31) in the domain VLr^. This implies that for any constant A, the 
function 



\i=l 

is also a super-solution of (11. 3p in the domain 

y = (2/1, z/2, ■■■ ,yn) ■yi = X~^Xi,x = {xi,x2, ■ • • e 

Now for any positive constants T, Cq and A, choose a A such that 



(3. 3) 



A > max 



nl3 

Co (1 + PT)^ R^] " , (CoA")"^ max (a"! - fi^e,)'' 

J l<j<n 



and let 



Q{Co,T) = {{x,t) G Qt : {l+/3t)-l^f^^^ + Pty^,--- ,Xn{l + Pty"^) < Co} • 

We may verify that 



[y=iyi,y2,--- ,yn):yi = Xi{l + pt) {x,t) e Q{Co,T)^ c Q 



(A) 
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and the function 

u{x,t) = <^ ^ ^ (3. 4) 

is a super-solution of ffTTTj) in Qt- Obviously, u E C{Qt) f] L'^iQr) f] C([0, T), Li(3?")). 
Moreover, we easily see that 

for all t e [0,T) and all the x = (xi,X2,--- , x„) satisfying \xi\ < A''i , i = 1,2,--- ,n. 
Hence, 



:,t) = Co, V(x,t)G |^n[-/l^,A^]j x[0,T]. 
Consequently, choose A and Co large enough such that 

n 

nj_ J_ 
[—A"! , D supp^o and Co > maxuQ^x), 



i=l 



we have proved the lemma. 

Remark 3.1 Using ( [5'. 4\ ) o,'>T'd Lemma 2.2, we see that the function 



V{y,' 



{y,T) eP={{y,T): < Coe^ < r < Ml^^ 

Cqc'^, otherwise 
is a super-solution of U. 2\) . 

Lemma 3.2 Suppose that uq G C^(3?"), mq > m S?". Lei u he the unique hounded and 
continuous solution with M(a;,0) = Uq{x) in 3?". Then one has 

u e C([0,oo),L^(3?'^)), (3. 5) 

u{x,t)dx = J UQ{x)dx, Vt > (3. 6) 

St"- 

and 

_1 2 

II^(-'^)IIl-(5R-) < Ct ||^^o|lLi(j{n) , Vt > 0, (3. 7) 

where C is a constant depending only on n and (i = 1, 2, - , n). 
Proof. Fix T > 0. By Lemma 3.1 and Lemma 2.1 we see that 



< u{x, t) < u{x, t) in Qt, (3. 8) 
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where u is the same as in (13. 41) . Hence (13. 51) comes from the continuity of u and the 
structure of u. 

( 13. 71) was proved in [6]. To show (13. 6p . we use Lemma 2.1 to see that u can be ap- 
proximated by an (equi-continuous and uniformly bounded) sequence {uk}'^^^ of classical 
solutions of (II. II) in the norm space of the space Ciod^"' x [0, oo)). Multiplying (II. ip for 
Mfc by G C^(3?"), integrating the resulted equation for x over 3?"" and for t over [0,T], 
and passing the limit as k —>■ oo, we obtain that 



O)0(a;)(ix = / / u^^(j)^.x.dxdt. 

Choose a function g G C^(— oo, oo) satisfying 

< ^ < 1, l^'l < 4, \g"\ <8mR 



and 



Taking (j) in (13. 9p as 




It 

0W(x) = J]^7(xiA;"^,--- ,x„A:-^), fc= 1,2, 



i=l 



and observing that 



i=l 



- min {6»rH 

< C{T,n,mi)k i^'^" ^0 



(3. 9) 



as A; — i> oo, where we have used (13. 8p and (13. 4p . we finally find that 

u{x,T)dx = J u{x,0)dx. 

This proves (13. 6\) since T is arbitrary. 

Lemma 3.3 Suppose that u{x,t) is defined as in Lemma 3.2 and V{y,T) is related to 
u{x,t) as in Lemma 2.2. Then there exists a function F G C{'iRJ'){^L'^{^''){^L^{^'^), 
depending only on the upper hounds of ||^io|lLoo(sf{n) and ||^to|lLi(s({n) , such that 



< V{y, t) < F{y), Wy G 3?", Vr > 0. 



(3. 10) 
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Proof. Owing (13. Sp . (13. 31) . (13. 4p and (13. 7p . we see that there is a constant Ci, 
depending only on n,mi, \\uo\\i<x,^sfin-j and ||Mo|lLi(j{n) , such that 

0<V{y,r)<Ci, \f{y,T)eQ. 

Since Vo{y) = V{y,0) = uo{y) G C^(3?"), choose a -Ri > i?o such that suppVo C 
3?" \ VLr^. Repeating the arguments from (13. 2p to (13. 3p . we find a Ai > and a bounded 
and continuous super-solution f^^^^ of fll. 30 in the domain Vt^^ such that /'^'^^^ > in 

d-^'^ and /(^i) = Ci on d^^^'\ Let 



(Ai) 



Then F is a bounded and continuous super-solution of (11. 30 in 3ft" (of (II. ip in 9ft" x 
(0,cxd)) satisfying F > Vq m Sft". Consequently, the comparison principle (Lemma 2.1) 
imphes (137101) . 



4. PROOF OF THEOREM 1.2 



We want to prove Theorem 11.21 only for equation (II. 10 due to Lemma 2.2. Note that the 
uniqueness is direct from the Steps 1 and 2 in the proof of Theorem 11.11 and the proof of 
existence below is independent of Step 3 there. 

Step 1. Suppose the initial value uq G L°°(3ft") is nonnegative such that suppwo is 
a bounded set in 3ft". We will prove that (II. 10 has a nonnegative L^-regular solution u 
satisfying it(x,0) = uq{x) in 9ft". 

Choose a sequence uok C C^(3ft") such that 

\\uok\\ < C2, uok < uok' < uq in 3ft", suppuofc C fi, {k < k', k, k' = 1,2, ■ ■ ■) (4. 1) 

and 



lim uok = uo in L°° (3ft") Pi (3ft") , (4. 2) 

fe— >oo ' ' 



where constant C2 and domain i7 C 3ft" are independent of k. For each k. Let Uk be the 
solution of (II. ip with initial value UQk- As we have said. Lemma 2.1 imply that each Uk 
is a unique, continuous and bounded in 3ft", satisfying 

||ma:|Iloc(q) < C3, < -Ufc < Uk' in Q, [k < k' , k,k' = 1,2,- ■ ■) (4. 3) 

for some constant C3 depending on C2 but independent of k (also see (3.7)), and 

Uk{x,t)dx = I uok{x)dx, Vt > 



5R" 5ft" ^) 

and liniMfc(x, t) = uok{x) in L^(3ft"), (A; = 1, 2, ■ ■ ■ ) 
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by (13. 5p and (13. 6p . Hence, {uk} is equi-continuous in 3?" x [to,oo) for any tq > by 
Lemma 3.1 in [4] (or more generally, Theorem 5.1 in [6]). 

Now fix To > 0. Let Vk{y,r) be the solutions of (II. 2\i related to Uk by Lemma 2.2. 
Then by Lemma 3.3 we have a function 

F G C{W) Pi L°°(3fJ") Pi L\W) (4. 5) 

such that 

0<Vk{y,T)<Vkiy,T)<F{y), Vy G 3?", Vr > 0, {k < k' , k,k' = 1,2,- ■ ■). (4. 6) 
Therefore, we can choose a subsequence of {T4} such that 

hm Vk{y, t) = V{y, r), \/{y, r) G 3?" x [tq, oo) (4. 7) 

and 

lim Vk{-,T) = y(-,r) in L^^''), Vr > Tq (4. 8) 

for some function V G C(3?" x [tq, oo)) satisfying 

0<Vk{y,T)<V{y,r)<F{y), G 3?", Vr > tq, (A; = 1, 2, ■ ■ ■ )• (4. 9) 

Obviously, V is solution of (1.2) satisfying 

V G C(3?" X (0, oo)) P L°°(3ft" X (ro, oo)) (4. 10) 

since ro is arbitrary. 

For any to > 0, choose ro G (0,to). Then it follows from (14. 9p and the continuity of 
V that 

lim V{-,t) = V{-,to) in L^^""). (4. 11) 

n 

It follows from Lemma 2.2, (14. 4p and the fact of ^ = 1 that 

i=l 

J Vk{y,T)dy = J Uk{x,t)dx = J uok{x)dx, k = l,2,---, Vt > 0, r = ln/i(t), (4. 12) 

Si" SR" SR" 

n 

which, together (14. 2p . (14. 80 and the fact of ^ = 1 again, implies 

i=l 

u{x,t)dx = J V{y,T)dy = J UQ(x)dx, Vt > 0, r = ln/i(t). (4. 13) 

SR" Oi" Si" 
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Note that fH~9|) . fH~T2|) and (l4~T3D imply 



{u{x,t) - Uk{x,t)) dx + \\Uk{-,t) - MofcllLi(sRn) + \\uQk - ^io|lLi(5{n) 
= 2 llWofc - M0|lLl(}fn) + ||Mfc(-,t) - MOfc|lLl(J{n) , (/c = 1,2, ■ ■ ■), Vt > 0. 

By fl47^ and fl4~2|) . we have 

hm u(-,t) = Mo in LV3?"). 

Combining this, (14. lip . (14. 131) with (14. lOp . we have proved the conclusion of Step 1. 
Moreover by the Steps 1 and 2 in the proof of of Theorem 11.11 the solution u is unique, 
and satisfies 

^<V{y,T)<F{y), \/{y,r)eQ, 

1 (4- 14) 

and ||M(-,t)||^oo(sRn) <Ctf^ ll^o|lii(sR") , Vt > 

by fH~5]) . dUTD, (HU) and the flHTTH in Lemma 3.2 

Step 2. Suppose uq G L^(3?"'), > in 3?". We will prove that (II. ip has a nonneg- 
ative L^-regular solution u satisfying 0) = Uq{x) in 9ft". 

Let be the characteristic function of the ball -Bifc(O) and set 

UQk{x) = min{A;,Mo(x)}xij^(x). 

Then 

< Mofc < Mofc' < ^io in 3ft" (A; < A;', k, k' = 1,2, ■ ■ ■ , )uo = lim Wofc in L^(gft"). (4. 15) 

fc— >oo 

For each A; > 0, there exists a unique L^-regular solution Uk of (11. ip such that Uk{x, 0) = 
uok in 3ft" due to the result of Step 1. In particular, we have 



Uk{x, t)dx = J uok{x)dx < ll'UollLi(sRn) , Vt > 0, VA; = 1, 2, ■ ■ ■ , (4. 16) 

hm Mfc(-,t) = Mofc in Li(3ft") A; = 1,2,--- (4. 17) 

and 

< Ukix, t) < Uk'ix, t), V(x, t) G 3ft" X (0, oo), VA; < k' (4. 18) 

by the comparison principle as in the Steps 1 and 2 of the proof of Theorem 11.11 Further- 
more, (14. 13p and (14. ISp imply 

2 2 

l|wfc(-,^)llLoc(5f„) < cr^ l|Mofellfi(K") < cr^ llMollfi(sRn) , vt > 0. (4. 19) 

13 



Now for any to > 0, we use (14. 191) and Lemma 3.1 in [4] (or more generally, Theorem 
5.1 in [6]) to see that {uk} is equi-continuous. Thus, (14. 15p - fl4. 19p imply that there is 
awe cIq) n L°°(3fJ" X [to, oo)) such that 

lim Uk = u in Q, lim Uk{-, t) = u{-, t) in L^(JR"), Wt > 0, 

fc— >oo fc— >oo 

lk(''^)llL-'(j?") ^ ll^ollLi(sRn) , j u{x,t)dx = j uo{x)dx, Vt > (4. 20) 

and 

< Mfc < M in Q, A; = 1, 2, • ■ • . (4. 21) 

Obviously, -u is a solution of (II. II) . To complete the proof, we want only to prove u G 
C([0, oo), L^(3fJ")). For this purpose, we fix a to > 0. For any given £ > we use (14. 151) 
to see that there exists a ko such that 

{uo{x) - uoko{x)dx = \\uo - Mofcoll < ^- (4- 22) 

Since u^g is continuous and V^q, related to u^o as in Lemma 2.2, satisfies (14. 14p for some 
F G L^(3fJ"), we can find a 6 > such that 

\ukoi-,t)-Uk,i-,to)\dx< |, VtG ito-5,to + 6). (4. 23) 

This, together with (HT^ . (gZlID, fHTTel) and fHT^ 
/ |w(-, t) — u{-, to)| (^2; 



< y |M(-,t) -Mfco(-,t)|(ia; + y \ukoi-,t) - Uko{-,to)\dx + J \ukoi-,to) - u{-,to)\dx 

SR" SR" SR" 

= '^j iuo{x) - uokix)) dx + j \ukoi-,t) - Ukoi-,to)\dx 

SR" 

<e, VtG (to -5, to + (5), 

which shows that u G C((0, cxd), L^(3fJ")). Repeating the same argument for to = 0, with 
(14. 17p instead of (14. 23p . we see that lim u{-,t) = uq in L^(3fJ"). This proves Theorem 

o 
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